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Quasi-two-dimensional fluids can be generated by confining a fluid between two parallel walls with
narrow separation. Such fluids exhibit an inhomogeneous structure perpendicular to the walls due
to the loss of translational symmetry. Taking the transversal degrees of freedom as a perturbation
to an appropriate 2D reference fluid we provide a systematic expansion of the m-particle density
for arbitrary m. To leading order in the slit width this density factorizes into the densities of the
transversal and lateral degrees of freedom. Explicit expressions for the next-to-leading order terms
are elaborated analytically quantifying the onset of inhomogeneity. The casem = 1 yields the density
profile with a curvature given by an integral over the pair-distribution function of the corresponding
2D reference fluid, which reduces to its 2D contact value in the case of pure excluded-volume
interactions. Interestingly, we find that the 2D limit is subtle and requires stringent conditions on
the fluid-wall interactions. We quantify the rapidity of convergence for various structural quantities
to their 2D counterparts.
PACS numbers: 61.20.Ne, 68.15.+e, 82.70.Dd
I. INTRODUCTION
Confining fluids on length scales comparable to the
typical interaction range introduces a competition be-
tween local particle near ordering and the layering in-
duced by the particle-wall interaction eventually leading
to a dimensional reduction. Of particular interest is the
influence of confinement on the structure of fluids [1–9],
their phase equilibria, equilibrium phase transitions and
their critical behavior (see e.g. Refs. [5, 10–13] and ref-
erences therein) as well as their dynamic properties [14–
20]. The simplest realization of confinement consists of
enclosing the fluid in a slit geometry between two parallel
walls. For strong confinement only a few layers of parti-
cles fit between the plates. The regime of strong confine-
ment has been investigated by computer simulations (see
Ref. [21–27] and references therein) and theoretically by
employing suitable closures for the integral equation ap-
proaches [21, 22, 24, 28–32] or within density functional
theory [33–36].
In colloidal suspensions a range of plate separations
can be investigated experimentally by imposing a small
inclination of one of the plates [16, 37–40]. Alternatively
the confinement may be achieved by bringing a large glass
sphere in close contact with a planar wall and monitor the
colloids confined within the gap [41]. Structural informa-
tion on the particle arrangements in confinement has also
been collected using small angle X-ray scattering [6, 42],
which experimentally allows to probe structural quan-
tities even in the regime of quasi-two-dimensional flu-
ids [42, 54].
Recently, it has been shown that in the limit of ex-
treme confinement [43] a small parameter n0L
2 emerges,
where n0 is the number of particles per area and L the
separation of the walls. In particular, to leading order
the transversal and lateral degrees of freedom (d.o.f.)
decouple which allows relating equilibrium phase tran-
sition lines with respect to the corresponding 2D refer-
ence system [43]. The next-to-leading order of thermo-
dynamic quantities can be elaborated relying on a sys-
tematic cluster-expansion. Furthermore, an effective 2D
two-body potential is obtained by integrating out the
transversal degrees of freedom.
The goal of this work is to elaborate the influence of
the transversal d.o.f. on structural quantities such as
the density profile and the pair-distribution function in
the regime of quasi-two-dimensional liquids. Thereby we
will elucidate the role of the fluid-fluid and particularly of
the fluid-wall interaction. Despite the decoupling prop-
erty [43] it will become obvious below that the 2D limit
can be rather subtle, depending on both, the physical
quantity of interest and the fluid-wall interactions. We
will demonstrate that for L → 0 the coupling between
the lateral and transversal d.o.f. can be treated as a per-
turbation which allows expanding the structural entities
with respect to their transversal variables. Here, we rely
on the recently developed systematic expansion valid for
L→ 0 [43]. The leading-order term is the corresponding
quantity of the homogeneous 2D reference fluid. Particu-
larly, the analytically accessible corrections with respect
to the 2D fluid will be determined. These corrections
describe the onset of inhomogeneity for confined fluids
emerging from the homogeneous limit of a 2D fluid. The
density and the density-density correlation function as
probability densities permit to calculate the average of
any one-particle and two-particle local observable in the
limit of extremely confined liquids.
Our paper is organized as follows. In Sec. II the model
2is described and various structural quantities are intro-
duced for which the 2D limit will be studied. This limit
will be discussed in Sec. III. A summary and conclusions
are given in the final section. More technical calculations
have been transferred to Appendices A-C.
II. CONFINED FLUIDS: BASIC STRUCTURAL
QUANTITIES
We consider a liquid of N structureless particles be-
tween two parallel, planar walls with cross section A and
separation H . We choose a coordinate system such that
the z-direction is perpendicular to the walls located at
z = ±H/2. In x-y-direction periodic boundary condi-
tions are assumed. Then a point in configurational space
is specified by the set of coordinates ~x parallel and per-
pendicular to the wall ~xi = (~ri, zi), i = 1, . . .N . The
walls are assumed to be impenetrable and the liquid-wall
interaction to be additive
U({z};L) =
N∑
i=1
U(zi;L), (1)
with the single-particle-wall interaction
U(z;L) =
®
∞ for|z| > L/2,
U−(L/2 + z) + U+(L/2− z) for|z| ≤ L/2.
(2)
Here, we have introduced the effective wall distance L
as the transverse length accessible to the particles, and
therefore distinguish between point particles and hard
spheres
L =
®
H − σ, hard spheres,
H, point particles.
(3)
The potential U+(U−) is a smooth interaction energy of a
fluid particle with the right (left) wall, with possible sin-
gularities for vanishing argument. With U−(z) 6= U+(z)
we further allow for asymmetric wall conditions. The
mutual interactions between the fluid particles will be
restricted to pair interactions V(~x) ≡ V(~r, z), only de-
pending on the magnitude |~x| of their relative distance
V0({~x}) =
N∑
i<j
V(~xi − ~xj). (4)
Then the total interaction energy reads
V ({~x};L) = V0({~x}) + U({z};L). (5)
In the following we investigate thermal averages us-
ing the configurational part of the canonical ensemble
ρ({~x};L) = exp[−βV ({~x};L)]/Z, where Z(T,A,N,L) =∫
[
∏N
i=1 d
2ridzi] exp[−βV ({~x};L)] denotes the configura-
tional partition function. Integrals over lateral coordi-
nates are performed over the cross section A and the
perpendicular coordinates are confined to −L/2 ≤ zi ≤
L/2, i = 1, . . . , N . Therefore the thermodynamic rele-
vant volume is the accessible volume AL and the corre-
sponding number density is given by n = N/AL. Canon-
ical averages are indicated by angular brackets 〈(· · · )〉.
The thermodynamic limit (TD-limit) N → ∞, A → ∞
is taken such that the area density n0 = N/A remains
fixed. Keeping the particle density n = N/AL constant
implies that n0 converges to zero for L → 0, i.e. the
2D system becomes an ideal gas. Therefore, to ensure
that correlations between the particles persist in the 2D
limit one has to fix n0 instead of n. The dependence
on the variables T,A,N will mostly be suppressed, while
we often highlight the dependence on the effective wall
separation L.
A basic structural entity characterizing the distribu-
tion of particles in a fluid is the m-particle density
ρ(m)(~r1z1, ..., ~rmzm;L) [44]. Within the confined geom-
etry as introduced above, the m-particle density can be
written in the subsequent form
ρ(m)(~r1z1, ..., ~rmzm;L)
= ρ
(m)
⊥ (z1, ..., zm;L)ρ˜
(m)(~r1z1, ..., ~rmzm;L), (6)
where we have introduced the m-particle density of the
transversal degrees of freedom
ρ
(m)
⊥ (z1, ..., zm;L) =
m∏
i=1
ρ
(1)
⊥ (zi;L),
ρ
(1)
⊥ (zi;L) = exp[−βU(zi;L)]/z⊥(L),
z⊥(L) =
∫
dz exp[−βU(z;L)], (7)
and a reduced m-particle density
ρ˜(m)(~r1z1, ..., ~rmzm;L) = N (L) N !
(N −m)!
×
∫ [ N∏
j=m+1
d2rjdzjρ
(1)
⊥ (zj ;L)
]
exp[−βV0({~rz};L)]/Z‖.
(8)
The normalization factor is given by
N (L) = Z‖Z⊥(L)/Z(L), (9)
with partial partition functions Z‖ ≡ Z‖(T,A,N) corre-
sponding to the 2D reference fluid with pair potential
V
‖
0 (~r1, ..., ~rm) ≡ V0({~r}, 0) and Z⊥ ≡ Z⊥(T,N,L) =
(z⊥(L))
N to the ideal gas of the transversal d.o.f. with
wall potential U({z};L) from Eq. (1). Note that Eq. (6)
factorizes the trivial zi- and L-dependence of ρ
(m)
⊥ from
the nontrivial one of ρ˜(m). For m = 1 one obtains the
density profile
n(z;L) = ρ(1)(~rz;L), (10)
which is independent of ~r due to translational invari-
ance along the walls. The pair-distribution function
3g(~r − ~r′, z, z′;L) is related to ρ(2)(~rz, ~r′z′;L) by
g(~r − ~r′, z, z′;L)=ρ(2)(~rz, ~r′z′;L)/ρ(1)(~rz;L)ρ(1)(~r′z′;L)
(11)
=ρ˜(2)(~rz, ~r′z′;L)/ρ˜(1)(~rz;L)ρ˜(1)(~r′z′;L), (12)
where have used Eqs. (6) and (7).
A further measure of structural properties is the
density-density correlation function G(~r − ~r′, z, z′;L),
which can be decomposed into a self part
G(s)(~r, z, z′;L) =
1
n0
ρ(1)(~rz;L)δ(~r)δ(z − z′), (13)
and a distinct part
G(d)(~r, z, z′;L)
=
1
n0
[
ρ(2)(~rz, ~r′z′;L)− ρ(1)(~rz;L)ρ(1)(~r′z′;L)
]
, (14)
i.e.
G(~r − ~r′, z, z′;L) =G(s)(~r − ~r′, z, z′;L)
+G(d)(~r − ~r′, z, z′;L). (15)
The total correlation function, h(~r, z, z′;L) =
g(~r, z, z′;L) − 1, and the direct correlation function
c(~r, z, z′;L) are related by the Ornstein-Zernike equation
of inhomogeneous fluids [44, 45]
c(~r, z, z′) =h(~r, z, z′)
−
∫
d2r′′
∫
dz′′c(~r − ~r′′, z, z′′)n(z′′)
× h(~r′′ − ~r′, z′′, z′). (16)
It is useful to represent real space functions f(~r, z) as
superpositions of symmetry-adapted Fourier modes [46]
fµ(~q;L) =
∫
d2rdzf(~r, z;L) exp(iQµz) e
i~q·~r, (17)
where the discrete wave numbers Qµ = 2πµ/L, µ ∈ Z
characterize the modulations perpendicular to the walls.
Here, ~q = (qx, qy) are the conventional discrete (for finite
A) wave vectors in the x − y-plane. Similarly, for real-
space correlation functions F (~r − ~r′, z, z′;L) we employ
the Fourier modes
Fµν(q;L) =
∫
d2rdzdz′F (~r, z, z′;L)
× exp(−iQµz) exp(iQνz′) e−i~q·~r. (18)
Note, fµ(~q;L) and Fµν(q;L) depend only on the magni-
tude q = |~q| due to the rotational symmetry with respect
to the z-axis. The density profile within the slit is de-
composed into the discrete wave-numbers
nµ(L) =
∫
dz exp(iQµz)n(z;L). (19)
The Fourier transform of the density-density correla-
tion function G(~r, z, z′;L) is referred to as generalized
structure factor Sµν(q;L) with corresponding decompo-
sition into self and distinct part Sµν(q;L) = S
(s)
µν (q;L) +
S
(d)
µν (q;L). Explicitly one infers
S(s)µν (q;L) =nν−µ(L)/n0, (20)
S(d)µν (q;L) =
∫
d2rdzdz′G(d)(~r, z, z′;L)
× exp(−iQµz) exp(iQνz′) e−i~q·~r. (21)
The transform cµν(q;L) of the direct correlation func-
tions is related to Sµν(q;L) via the inhomogeneous
Ornstein-Zernike equation [45], which we reformulate in
terms of the symmetry-adapted modes [46]
S
−1(q;L) =
n0
L2
[v(L) − c(q;L)] , (22)
with the following matrix notation [c(q;L)]µν = cµν(q;L)
etc. The Fourier modes vµν(L) ≡ vν−µ(L) of the local
volume v(z) = 1/n(z) are related to nµν(L) ≡ nν−µ(L)
by
v(L)n(L) = L21, (23)
see Ref. [17, 46].
III. TWO-DIMENSIONAL LIMIT
In the first part of this section we discuss conditions
on the interactions such that the m-particle density and
related correlation functions converge for L→ 0 properly
to their corresponding 2D counterparts. Then, we elab-
orate a systematic expansion of the structural quantities
as introduced in Sec. II. To avoid cumbersome notation,
quantities depending only on the 2D vectors ~r or ~q will
be considered as obtained from a canonical average with
total interaction potential V0({~r}) ≡ V0({~r}, {0}). For
instance ρ(m)(~r1, ..., ~rm) denotes the 2D m-particle den-
sity and
G(~r) = G(s)(~r) +G(d)(~r), (24)
G(s)(~r) =
1
n0
ρ(1)(~r)δ(~r) ≡ δ(~r), (25)
G(d)(~r − ~r′) = 1
n0
î
ρ(2)(~r, ~r′)− ρ(1)(~r)ρ(1)(~r′)
ó
, (26)
refers to the density-density correlation function of the
corresponding 2D fluid decomposed into the self and dis-
tinct part. Of course, G(~r), G(s)(~r), and G(d)(~r) depend
on |~r| = r, only. The planar total correlation function
h(r) is connected to the distinct part of the density-
density correlation function by G(d)(r) = n0h(r) and
the 2D pair-distribution function follows by the relation
g(r) = 1 + h(r).
4A. Existence of the two-dimensional limit
The static structure of the confined fluid converges
properly to the 2D limit if the fluid becomes structure-
less in the transverse direction. As will be demonstrated
below this requires certain conditions on the microscopic
interactions of the particles with the walls, i.e. the ap-
proach to the planar limit depends on qualitative features
of U±(z) which determine the wall potential U(z;L) (c.f.
Eq. (2)). To discuss convergence with respect to different
wall separations of functions f(~r1z1, ~r2z2, ...;L) defined
on the slit it will be convenient to establish the dimen-
sionless transversal position z˜ = z/L, with the fixed do-
main z˜ ∈ [−1/2, 1/2] as fundamental variable. Then, this
function has a proper 2D limit if f(~r1z˜1L,~r2z˜2L, ...;L)
becomes independent of z˜i for L→ 0. As an example we
consider the density profile. From Eq. (19) we obtain
nµ(L) = L
∫ 1/2
−1/2
dz˜ n(z˜L;L) exp(2πiµz˜). (27)
The proper 2D limit requires that all non-trivial modes
vanish, nµ(L) → n0δµ0 for L → 0 which is satisfied if
n(z˜L;L) → n0/L, i.e. the density profile for L → 0
becomes independent of the scaled transversal coordinate
z˜. For a hard-sphere liquid with neutral walls this is
demonstrated in Fig. 1 of Ref. [21]. This convergence
describes a fluid for L → 0, which is determined by the
lateral interaction potential V0({~r}), only.
Since the m-particle density ρ(m)(~r1z1, ..., ~rmzm;L)
is entirely determined by the densities ρ
(1)
⊥ (z;L) and
ρ˜(m)(~r1z1, ..., ~rmzm;L) (c.f. Eq. (6)), the convergence
to the 2D limit requires both densities to become in-
dependent of z˜ and z˜1, ..., z˜m, respectively. As will be
demonstrated in subsection III B, the reducedm-particle
density ρ˜(m)(~r1z˜1L, ..., ~rmz˜mL;L) converges properly for
L → 0, which is not necessarily the case for ρ(1)⊥ (z˜L;L).
Since ρ
(1)
⊥ (z˜L;L) depends only on U(z˜L;L), its conver-
gence is solely controlled by the particle-wall interaction.
Assume that the wall potential for fixed z˜ fulfills the
smoothness criterion
U(z = z˜L;L)− U(0;L) = O(L), (28)
which is valid for potentials that are analytic in z. Then
the ’bare’ density profile ρ
(1)
⊥ (z;L) becomes flat even on
the scale of the plate distance
ρ
(1)
⊥ (z˜L;L) =
1
L
[1 +O(L)] . (29)
This in turn implies convergence of the Fourier modes of
the density profile
nµ(L) = n0[δµ0 + (1 − δµ0)O(L)]. (30)
Note, that the normalization of n(z;L) implies
nµ=0(L) = N/A = n0 for all L. Thus the property
that only the zero Fourier mode of the density profile (1-
particle density) survives in the limit of L→ 0 serves as
a definition of proper convergence to a two-dimensional
fluid.
It is instructive to give a counterexample for a wall
potential such that the smoothness criterion is violated
and nµ(L) does not converge to n0δµ0. For instance for
symmetric and repulsive walls with U±(z) ≡ Uw(z) =
az−α, a > 0, α > 0, the Boltzmann factor becomes
e−β[U(z˜L;L)−U(0;L)] =
= exp{−βa(L/2)−α[(1 − 2z˜)−α + (1 + 2z˜)−α − 2]}
→
®
1 for z˜ = 0
0 else
(31)
as L→ 0. Hence the density profile n(z = z˜L;L)→ 0 for
z˜ 6= 0, yet by normalization ∫ n(z;L)dz = n0. Thus we
have demonstrated that in this case the density profile
becomes singular
n(z = z˜L;L)→ (n0/L)δ(z˜), (32)
in strong contrast to Eq. (29). Equivalently, the Fourier
modes of the density profile converge as nµ(L)→ n0 for
all µ. Therefore the density profile and consequently as
well the m-particle density do not have a proper 2D limit
for this kind of wall potentials. Note that, e.g. Lennard-
Jones and Coulomb potentials belong to the class of
wall potentials, for which no proper convergence can be
achieved.
B. The m-particle density and the density profile
In this subsection we elaborate an expansion of the m-
particle density with respect to the wall separation L.
First, we derive asymptotically exact results for smooth
pair potentials, followed by an outline of the correspond-
ing result in the case of hard-core interactions. The 1-
particle density, i.e. the density profile, the most basic
quantity characterizing inhomogeneous fluids, will be dis-
cussed in more detail.
In Ref. [43] it has been demonstrated that the thermo-
dynamic behavior of quasi-two-dimensional fluids can be
obtained from a systematic expansion around a 2D refer-
ence fluid. This is based on the fact that the transverse
coordinates zi are of order L. For smooth pair potentials
we use the expansion
|~xi − ~xj | = rij + z2ij/2rij +O(zij)4, (33)
with rij = |~ri − ~rj | and zij = (zi − zj). Then we obtain
from Eq. (4)
exp[−βV0({~x})] = exp[−βV0({~r})]
×
[
1 +
∞∑
l=1
∑
i<j
vl(~rizi, ~rjzj)
]
, (34)
5where
vl(~rizi, ~rjzj) =
®
−βV ′(rij)z2ij/2rij = O(L2) if l = 1,
O(L2l) if l > 1,
(35)
i.e. vl = O(L2l) for l ≥ 1. Note, that the explicit expres-
sions for vl(~rizi, ~rjzj) become more and more involved
with increasing l, since Eq. (33) has to be extended up
to order (zij)
2l.
Here, a comment is in order. If the particles are
charged such that they are interacting via Coulomb forces
one might be tempted to use for the corresponding inter-
action potential of the 2D reference fluid the 2D Coulomb
potential: ∼ ln rij . This does not apply here, since
the confined fluid even in the 2D limit is embedded in
3D space. Accordingly, the corresponding 2D poten-
tial of the reference fluid in this case is the conventional
Coulomb potential proportional to 1/rij .
In the following we restrict the expansion of the m-
particle density to first order in L2. In this case the calcu-
lations simplify due to the factorization of v1(~rizi, ~rjzj):
v1(~rizi, ~rjzj) = v
‖
1(~ri, ~rj)v
⊥
1 (zi, zj),
v
‖
1(~ri, ~rj) = −βV ′(rij)/2rij , (36)
v⊥1 (zi, zj) = (zij)
2.
The calculation of higher-order terms is straightfor-
ward, but cumbersome. Since ρ
(m)
⊥ (z1, . . . , zm;L) is ex-
plicitly known a priori for a given particle-wall interaction
U(z;L), the expansion has to be carried out for the re-
duced m-particle density ρ˜(m)(~r1, z1, . . . , ~rmzm;L), only.
Equations (8) and (34) lead to
ρ˜(m)(~r1z1, . . . , ~rmzm;L) =
∞∑
l=0
ρ˜
(m)
l (~r1z1, . . . , ~rmzm;L),
(37)
where ρ˜
(m)
l = O(L2l). The explicit evalua-
tion of the leading order and its first correction
has been transferred to Appendix A. Employ-
ing Eq. (36) and defining averages with respect
to the perpendicular ensemble 〈f(z1, ..., zk)〉⊥ :=∫
dz1...
∫
dzkf(z1, ..., zk)ρ
(1)
⊥ (z1)...ρ
(1)
⊥ (zk) we obtain
from Eq. (A13) to leading order the 2D m-particle
density
ρ˜
(m)
0 (~r1z1, . . . , ~rmzm;L) = ρ
(m)
‖ (~r1, . . . , ~rm), (38)
and for the leading correction
ρ˜
(m)
1 (~r1z1, . . . , ~rmzm;L)
=
∑
1≤i<j≤m
v⊥1 (zi, zj)v
‖
1(~ri, ~rj)ρ
(m)
‖ (~r1, . . . , ~rm)
+
m∑
i=1
〈v⊥1 (zi, zm+1)〉⊥
∫
d2rm+1v
‖
1(~ri, ~rm+1)ρ
(m+1)
‖ (~r1, . . . , ~rm+1)
+
1
2
〈v⊥1 (zm+1, zm+2)〉⊥
∫
d2rm+1
∫
d2rm+2v
‖
1(~rm+1, ~rm+2)
×
î
ρ
(m+2)
‖ (~r1, . . . , ~rm+2)− ρ(m)‖ (~r1, . . . , ~rm)ρ(2)‖ (~rm+1, ~rm+2)
ó
− 〈v⊥1 (zm+1, zm+2)〉⊥
Å
n20κT
2β
ãÅ
∂
∂n0
∣∣∣
T
ρ
(m)
‖ (~r1, . . . , ~rm)
ã
×
∫
d2rm+2v
‖
1(~rm+1, ~rm+2)
∂
∂n0
∣∣∣
T
ρ
(2)
‖ (~rm+1, ~rm+2).
(39)
The last term in Eq. (39) results from the thermody-
namic limit (cf. Ref. [47]). Its integral term does not
depend on ~rm+1 due to lateral translational invariance.
Here, κT =
[
n0∂Σ/∂n0
∣∣∣
T
]−1
refers to the 2D isothermal
compressibility of the fluid with surface tension given by
Σ = n0kBT + kBT∂ ln(Z‖)/∂A
∣∣∣
T,N
. The density deriva-
tives of ρ
(2)
‖ and ρ
(m)
‖ can be expressed by ρ
(k)
‖ [48]
∂
∂n0
∣∣∣
T
ρ
(k)
‖ (~r1, . . . , ~rk)
=
{
kρ
(k)
‖ (~r1, . . . , ~rk) +
∫
d2rk+1
[
ρ
(k+1)
‖ (~r1, . . . , ~rk+1)
− ρ(k)‖ (~r1, . . . , ~rk)ρ(1)‖ (~rk+1)
]}
/(n20β
−1κT ). (40)
Additionally, one can prove
ρ˜
(m)
1 (~r1z1, . . . , ~rmzm;L)
→ ρ˜(k)0 (~r1z1, . . . , ~rkzk;L)ρ˜(m−k)1 (~rk+1zk+1, . . . , ~rmzm;L)
+ ρ˜
(k)
1 (~r1z1, . . . , ~rkzk;L)ρ˜
(m−k)
0 (~rk+1zk+1, . . . , ~rmzm;L),
(41)
for ~ri, i = 1, . . . , k fixed and |~rj | → ∞, j = k +
1, . . . ,m. This property preserves the factorization of the
m-particle density [49] to first order if a subset of particles
(1, ..., k) is fixed and the remaining subset (k+1, ...,m) is
moved to infinity. Further, the result of Eq. (39) formally
has the same structure as the first-order correction of the
pair-distribution function of a bulk fluid perturbed by an
additional pair potential [47]. However, Eq. (39) is valid
for a 2D fluid perturbed by the translational d.o.f. and
holds for all m.
In the case of hard-sphere interactions a corresponding
expansion can be performed by utilizing the cluster ex-
pansion derived in [43]. There, a 2D liquid of hard disks
of reduced diameter σL = (σ
2 − L2)1/2 has been chosen
as reference fluid and the cluster function
6fij ≡ f(rij , zi, zj)
= Θ[r2ij + (zi − zj)2 − σ2]−Θ(r2ij − σ2L), (42)
has been introduced, where Θ(x) refers to the Heaviside
function. The cluster function satisfies the identity [43]
exp[−βV0({~x})] = exp[−βW0({~r})]
∏
i<j
(1 + fij)
= exp[−βW0({~r})]
[
1 +
∑
i<j
fij + . . .
]
,
(43)
where exp[−βW0({~r})] = ∏
i<j
Θ(r2ij − σ2L) is the Boltz-
mann factor of the hard disk fluid. Since the first-order
term
∑
i<j
fij corresponds to
∑
i<j
v1(~rizi, ~rjzj) in Eq. (34)
one obtains ρ˜(m) for hard-core interactions from Eq. (A8)
by the replacement v1 → f . The integrations over zi, zj
and ~ri, ~rj can still be disentangled, see Appendix C for
an example. As a result the m-particle density ρ˜(m) for
m = 0, 1 is expressed by ρ
(m)
‖ , the m-particle density
of hard disks with reduced diameter σL. To eliminate
the dependence of L of the reference fluid, a further
expansion with respect to L is required in order to
obtain the corrections with respect to a 2D-reference
fluid with diameter σ. Beyond the first order one can not
follow the expansion, Eq. (34), by a simple replacement,
but it becomes necessary to perform a cluster expansion
as elaborated in Ref. [43]. Restricting the expansion
to zero and first-order corrections allows to determine
ρ˜(m), m = 0, 1 directly from Eq. (39) by choosing for
V(rij) the hard disk potential with a hard-core diameter
σ, replacing −[βV ′(rij)/2rij ]ρ(m)‖ (. . . , ~ri, . . . , ~rj , . . .) by
(exp[βV(rij)]/2rij)ρ(m)‖ (. . . , ~ri, . . . , ~rj , . . .)d(exp[−βV(rij)])/drij
and subsequently taking the limit
limrij→σ+ d exp[−βV(rij)]/drij = δ(rij − σ+). This
strategy is demonstrated below for the density profile.
The first-order correction, Eq. (39), strongly simpli-
fies for m = 1 (see Appendix B). One obtains with
ρ
(2)
‖ (r) = n
2
0g(r) from Eq. (B5)
n(z;L) ≡ρ(1)(~rz;L)
=n0ρ
(1)
⊥ (z;L)
{
1 +
[〈v⊥1 (z, z2)〉⊥ − 〈v⊥1 (z2, z3)〉⊥]
× n0
∫
d2r′v
‖
1(0, ~r
′)g(r′) +O(L4)
}
, (44)
with g(r) the pair-distribution function of the
2D reference fluid. Note that the average
〈v⊥1 (z, z2)〉⊥ is taken with respect to z2, only. Since∫
dzρ
(1)
⊥ (z;L)[〈v⊥1 (z, z2)〉⊥ − 〈v⊥1 (z2, z3)〉] = 0 the first-
order correction does not contribute to the normalization
∫
dzn(z;L) = n0. Substituting v
⊥
1 and v
‖
1 from Eq. (36)
into Eq. (44) one obtains the explicit z-dependence
n(z;L) =n0ρ
(1)
⊥ (z;L)
[
1 + πn0C
{
z2 − 2z〈z1〉⊥ + 〈z21〉⊥
− 〈(z1 − z2)2〉⊥
}
+O(L4)
]
, (45)
where the prefactor
C = −β
∫ ∞
0
drV ′(r)g(r), (46)
characterizes the first-order corrections. Since the curly
bracket in Eq. (45) is of order O(L2) the correction is
proportional to n0L
2, the smallness parameter identified
in Ref. [43].
Following the procedure as explained above the prefac-
tor C becomes in the case of pure hard-core interactions
C = g(σ+). (47)
If the potentials U±(z) are analytic at z = 0 we obtain
from Eq. (7)
ρ
(1)
⊥ (z;L) =
1
L
{
1− β (U ′−(0)− U ′+(0)) z +O(Lz) +O(z2)}.
(48)
In the case of symmetric walls, i.e. U+(z) ≡ U−(z), it is
〈z1〉⊥ = 0 and it follows from Eqs. (45) and (48) that
the profile is parabolic. Consequently, the first-order cor-
rection of the profile is of order O(L2). For asymmetric
walls and L→ 0 the density n(z;L) is dominated by the
bare profile ρ
(1)
⊥ (z;L), which is linear, i.e. the leading
order correction is of order O(L). Hence, the first-order
correction depends qualitatively on the symmetry of the
wall-potential. This is as well reflected in the Fourier
modes of the density profile
nµ(L) =
®
n0 = N/A for µ = 0,
O(Lγ) else, (49)
and of the local volume
vµ(L) =
L2
n0
®
[1 +O(L2γ)] for µ = 0,
O(Lγ) else, (50)
where γ = 1 for asymmetric and γ = 2 for symmetric
walls.
A special case of symmetric walls are neutral walls, i.e.
U+(z) = U−(z) ≡ 0. In this case Eq. (45) reduces to
n(z;L) =
n0
L
ß
1 + π(n0L
2)C
ï( z
L
)2
− 1
12
ò
+O(n0L2)2
™
.
(51)
In the case of hard spheres, C = g(σ+), up to order
O(L2) the density profile, Eq. (51), satisfies the con-
tact theorem n(z = ±L/2) = p/kBT , see e.g. [50,
51], with the transversal pressure p = kBTn0/L +
7kBTA
−1∂ lnZ/∂L
∣∣∣
N,A
exerted on the walls, which has
been evaluated recently [43] to
p = n0kBT/L
ï
1 +
1
6
π(n0L
2)g(σ+) +O(L4)
ò
≡ kBTn(z = ±L/2;L). (52)
C. Correlation functions and their Fourier
transforms
The various two-point correlation functions introduced
in Sec. II involve the 1-particle density ρ(1)(~rz;L) from
Eq. (44) and the 2-particle density ρ(2)(~rz, ~r′z′;L). From
Eqs. (6) and (39) one obtains for m = 2 the expansion
ρ(2)(~rz, ~r′z′;L)
=ρ
(1)
⊥ (z;L)ρ
(1)
⊥ (z
′;L)
×
{ î
1 + v⊥1 (z, z
′)v
‖
1(~r, ~r
′)
ó
ρ
(2)
‖ (~r, ~r
′)
+
[〈v⊥1 (z, z3)〉⊥ + 〈v⊥1 (z′, z3)〉⊥]
∫
d2r3v
‖
1(~r, ~r3)ρ
(3)
‖ (~r, ~r
′, ~r3)
+
1
2
〈v⊥1 (z3, z4)〉⊥
∫
d2r3
∫
d2r4v
‖
1(~r3, ~r4)
×
î
ρ
(4)
‖ (~r, ~r
′, ~r3, ~r4)− ρ(2)‖ (~r, ~r′)ρ(2)‖ (~r3, ~r4)
ó
− 〈v⊥1 (z3, z4)〉⊥
Å
n20κT
2β
ãÅ
∂
∂n0
∣∣∣
T
ρ
(2)
‖ (~r, ~r
′)
ã
×
∫
d2r4v
‖
1(~r3, ~r4)
∂
∂n0
∣∣∣
T
ρ
(2)
‖ (~r3, ~r4) +O(L4)
}
. (53)
The leading order factorizes to
ρ
(1)
⊥ (z;L)ρ
(1)
⊥ (z
′;L)ρ
(2)
‖ (~r, ~r
′)=n20ρ
(1)
⊥ (z;L)ρ
(1)
⊥ (z
′;L)g(|~r −
~r′|), which is a consequence of the decoupling of
the lateral and transversal degrees of freedom in the
limit L → 0. Note, that this expression is different
from the superposition approximation originally sug-
gested in Ref. [52], where ρ(2)(~rz, ~r′z′;L) is replaced
by ρ(1)(z;L)ρ(1)(z′;L)g(3D)(
√
(~r − ~r′)2 + (z − z′)2) =
ρ(1)(z;L)ρ(1)(z′;L)[g(3D)(|~r−~r|)+O(L2)] with g(3D)(|~x|)
being the pair-distribution function of the bulk fluid.
The first-order correction of ρ(2)(~rz, ~r′z′;L) requires
m-particle densities ρ
(m)
‖ (~r1, ..., ~rm) with m = 2, 3 and
4 of the 2D reference fluid. These correlation functions
can be determined either by computer simulations or by
suitable approximations. For instance, one can combine
integral-equation theory to evaluate ρ
(2)
‖ (~r1, ~r2) and then
to obtain in superposition approximation ρ
(m)
‖ for m = 3
and m = 4. With Eqs. (44) and (53) the first-order
correction g1(~rz, ~r
′z′;L) of the pair-distribution function
g(~rz, ~r′z′;L) follows from Eq. (11). Using the factor-
ization property of Eq. (41) one can readily prove that
the correction vanishes g1(~rz, ~r
′z′;L) → 0 for |~r − ~r′| →
∞. The (z, z′)-dependence of g(~rz, ~r′z′;L) is given by
(z − z′)2, 〈(z − z3)2〉⊥ and 〈(z′ − z3)2〉⊥.
Finally we determine the rapidity of convergence of
various correlation functions and their Fourier transforms
to their respective 2D counterparts.
From Eqs. (6), (7), (11) and (37) it follows with ρ˜
(m)
1 =
O(L2) for all m
g(~rz, ~r′z′;L) = g(r) +O(L2), (54)
independent of the type of the wall potential. The same
holds for the total correlation function
h(~rz, ~r′z′;L) = h(r) +O(L2). (55)
To discuss the direct correlation function c(~r, z, z′;L)
in confined geometry, we employ the inhomogeneous
Ornstein-Zernike equation (16). We will prove that
δh(~r, z, z′;L) = h(~r, z, z′;L) − h(r) = O(L2) implies
δc(r, z, z′;L) = c(~r, z, z′;L) − c(r) = O(L2). Insert-
ing the leading order into Eq. (16) and using the sum
rule
∫
n(z;L)dz = n0 one recovers the homogeneous 2D
Ornstein-Zernike equation
c(~r) = h(~r)− n0
∫
d2r′′c(~r − ~r′′)h(~r′′ − ~r′). (56)
The next order then constitutes an integral equation for
the first correction of the direct correlation function
δc(r, z, z′;L) = δh(r, z, z′;L)
− n0
∫
d2r′′
∫
dz˜′′δc(~r − ~r′′, z, z′′ = z˜′′L;L)h(~r′′ − ~r′)
− n0
∫
d2r′′
∫
dz˜′′c(~r − ~r′′)δh(~r′′ − ~r′, z′′ = z˜′′L, z′;L).
(57)
In particular to this order the density profile does not
contribute and with δh = O(L2) we conclude that δc =
O(L2), irrespective of the particle-wall interaction.
The self and distinct part of the density-density corre-
lation function, G(s) and G(d) from Eq. (13) and Eq. (14),
respectively, involve ρ
(1)
⊥ . For analytic wall potentials we
obtain with Eq. (48)
G(s)(~r, z, z′;L) =
1
L
[1 +O(Lγ)]δ(~r)δ(z − z′), (58)
and
G(d)(~r, z, z′;L) =
1
L2
î
G(d)(~r) +O(Lγ)
ó
, (59)
i.e. the first-order correction of G(s) and G(d) depends
on the wall type.
The Fourier transforms of all these correlation func-
tions readily follow
gµν(q) = L
2g(q)
[
δµ0δν0 +O(L2)
]
, (60)
hµν(q) = L
2h(q)
[
δµ0δν0 +O(L2)
]
, (61)
8cµν(q) = L
2c(q)
[
δµ0δν0 +O(L2)
]
. (62)
We find the leading order for L→ 0 is merely given by the
0− 0 component, while the correction and all remaining
matrix elements vanish as O(L2) irrespective of the wall
potential. This stands in contrast to the corresponding
Fourier transform of G(s) and G(d)
S(s)µν (q;L) =
®
1 for µ = ν,
O(Lγ) else, (63)
S(d)µν (q;L) =
®
S(d)(q)[1 +O(L2)] for µ = ν = 0,
O(Lγ) else, (64)
which yields for the generalized structure factor
Sµν(q;L) =
®
S(q)[1 +O(L2)] for µ = ν = 0,
(1− δµ0)δµν +O(Lγ) else,
(65)
where S(q) refers to the static structure factor of
the 2D reference fluid. S
(s)
µν (q;L), S
(d)
µν (q;L) and
Sµν(q;L) have a proper 2D limit only if the criterion
(cf.Eq. (28)) is fulfilled. In case of proper convergence
these structure factors become diagonal in µ and ν.
In contrast, since S
(d)
00 (q;L) =
∫
d2rdzdz′n(z)[h(r) +
O(L2)]n(z′)e−i~q·~r/n0 = n0h(q)[1 + O(L2)] due to the
normalization
∫
dzn(z;L) = n0, the convergence of the
in-planar structure factor S00(q) is of order O(L2) and
irrespective of the particle-wall interaction.
Finally we mention that the analytic dependence of
U(z;L) on z is too strict. It is sufficient to require
U(z = z˜L;L)−U(0;L) = o(L0), where the little-o Landau
symbol h(x) = o(x) indicates that for x→ 0 the function
h(x) converges faster to zero than x. In this case we have
to replace O(L) by o(L0) in the estimates and find that
the static quantities converge to their respective 2D limit,
yet without specification on the rapidity of convergence.
IV. SUMMARY AND CONCLUSIONS
For a fluid confined between two parallel walls we
have investigated the regime of quasi-two-dimensionality,
where the accessible distance L between the adjacent
walls becomes small. The focus has been on the behavior
of structural quantities, which are entirely described by
the m-particle density. This quantity can be factorized
into a density of transversal d.o.f. depending only on
the wall-potential and into a reduced m-particle density
containing the mutual interactions of the particles in the
slit. In the limit L → 0 we analytically determine the
m-particle density by taking the transversal degrees of
freedom as a small perturbation.
To leading order the reducedm-particle density is iden-
tical to the corresponding m-particle density of the 2D
reference fluid, which is a consequence of the decoupling
mechanism of the transversal and lateral d.o.f. in the 2D
limit. The next-to-leading order contains information on
the transversal degrees of freedom (z1, ..., zm), which we
find to be quadratic in zi and zj. Therefore the leading
corrections are of order L2 irrespective of the particular
particle-wall interactions. Our analysis has been made
explicit for smooth interaction potentials, but we also
outline the strategy in the case of hard-core interactions,
where a systematic cluster expansion is inevitable [43].
The most basic structural entity characterizing the
structure of the liquid is the density profile, which merely
depends on the transversal position z due to translational
symmetry along the walls. Its first-order correction is
proportional to −β ∫ drV ′(r)g(r)(cf. Eq. (44)) with g(r)
being the pair-distribution function of the 2D reference
fluid. This factor represents a measure of the profile’s
curvature and therefore of the deviation from flatness.
In case of a hard-sphere fluid this proportionality factor
becomes g(σ+), the 2D pair-distribution function at con-
tact. This finding differs from the result in Ref. [21] for
the curvature of the density profile. There, the first equa-
tion of the Born-Green-Yvon hierarchy for the 2-particle
density has been truncated via the superposition approx-
imation [52]. This superposition approximation involves
the pair-distribution function of the 3D bulk fluid instead
of g(σ+) causing a substantial quantitative mismatch for
the curvature. Our result proves, that for L→ 0 the su-
perposition principle becomes exact only if the 3D pair-
distribution function is replaced by its 2D counterpart.
For the various structural quantities we uncover a hi-
erarchy in terms of the rapidity of convergence. For ex-
ample, the pair-distribution function g(~r, z, z′), which is
closely related to the 2-particle density (cf. Eq. (11))
converges as L2 and its 2D limit always exists. Similarly,
this holds for the total and direct correlation function
and their rapidity of convergence is independent of the
specific type of wall potential. In contrast, for differ-
ent structural entities we have found that the 2D limit
is rather subtle and depends sensitively on the proper-
ties of the wall potentials U±(z). For instance, for the
density profile we have demonstrated that for wall po-
tentials diverging for z → 0, such as for the Lennard-
Jones or Coulomb potential, the profile becomes singular
for L → 0. The same holds for the density-density cor-
relation function G(~rz, ~r′z′;L). For such wall potentials
these quantities do not become flat in the 2D limit. To
obtain a proper 2D limit the wall potential U(z;L) has
to fulfill a smoothness criterion as discussed in subsec-
tion III A. It is fulfilled if U±(z) is analytic at z = 0.
However, the condition of analyticity can be weakened.
Convergence also holds provided the wall potential ap-
proaches its average value everywhere in the slit.
In both cases, only the zero mode in the Fourier de-
composition of the density profile survives and coincides
with the planar density n0. Similarly, the non-diagonal
elements of the structure factors Sµν(q;L) vanish as the
walls approach each other, whereas S00(q;L) converges
to S(q), the structure factor of the 2D fluid, and the
9remaining diagonal elements become unity. While gener-
ally a proper convergence of the structure factor depends
on the particle-wall interactions, we find that S00(q;L)
always converges as O(L2) to its 2D counterpart irre-
spective of the wall potential, which is a manifestation
of its sole dependence on the lateral coordinates of the
fluid [43]. In the case of the direct correlation function,
we find that the leading order is determined by the ma-
trix element c00(q;L), which is related to the 2D direct
correlation function c(q) for L → 0 (cf. Eq. (62)). The
leading correction and all remaining Fourier components
cµν(q;L) converge as O(L2) independent of the particle-
wall interaction.
Our results provide estimates on the rapidity of con-
vergence. However, the range of validity of the lead-
ing order remains unknown in general. In the case of
the equilibrium phase diagram for hard spheres of di-
ameter σ and neutral walls it has been shown that for
L . 0.5σ the leading order describes the phase transition
lines quantitatively (cf. figure 3 in Ref. [43]), i.e. there
is almost no influence of the transversal degrees of free-
dom up to L . 0.5σ. We expect the density profile and
the density-density correlation function to be described
quantitatively for similar plate distances. Let us compare
our predictions with the Monte Carlo results of Ref. [21]
for the same system with fixed chemical potential cor-
responding to a bulk density nσ3 = 0.5. Their figure 1
shows that the profile is practically flat for the smallest
wall separation L = 0.1σ. Consequently, the confined
fluid behaves approximately as a 2D fluid. However, for
the next largest value L = 0.5σ presented in the same
figure the profile is already parabolic and the subsequent
figure of that paper reveals that the parabolic shape ex-
tends up to L = 0.8σ. Hence the leading-order correction
in n0L
2 in Eq. (51) is sufficient to describe the density
profile up to L = 0.8σ, at least for the chemical potential
chosen to match the bulk density nσ3 = 0.5.
The analytical results including leading-order correc-
tions elaborated in this work provide testable predictions,
which can be rationalized by computer simulations or ex-
periments. As our results become exact in the limit of
small wall separations, they serve as a reference for ap-
proximate theories. For instance, in case of hard spheres
enclosed between neutral walls we have proven that the
curvature of the density profile is determined by the 2D
contact value g(σ+) rather than by g(3D)(σ+) as it has
been suggested by the superposition approximation [21].
Vice versa, our finding enables to measure the contact
value of the 2D pair-distribution function via the curva-
ture of the parabolic profile.
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Appendix A: Calculation of ρ˜
(m)
l
(~r1z1, . . . , ~rmzm, L) for
l = 0, 1
We introduce in this Appendix a shorthand notation,
where the positions ~xj = (~rj , zj) are abbreviated by
(j‖, j⊥) = j and we adopt the convention
∫
dj(· · · ) ≡
∫
d‖j
∫
d⊥j(· · · )
≡
∫
A
d2rj
L/2∫
−L/2
dzj exp[−βU(zj ;L)](· · · )/z⊥(L).
(A1)
Here, z⊥(L) =
L/2∫
−L/2
dz exp[−βU(z;L)] refers to the con-
figurational part of the partition function for a sin-
gle particle interacting with the walls, only. Functions
f‖(~r1, ~r2, . . .) and f
⊥(z1, z2, . . .) depending on the lat-
eral and transversal d.o.f., respectively, are denoted by
f‖(1, 2, . . .) and f⊥(1, 2, . . .), so that the superscripts
uniquely define the variables.
Substituting Eq. (34) into the integral term of Eq. (8)
and using the decomposition of the interaction potential
∑
1≤i<j≤N
v1(i, j) =
∑
1≤i<j≤m
v1(i, j) +
m∑
i=1
N∑
j=m+1
v1(i, j)
+
∑
m+1≤i<j≤N
v1(i, j), (A2)
one obtains
N !
(N −m)!
1
Z‖
∫ N∏
j=m+1
dj exp[−βV0(1, . . . , N)]
=
N !
(N −m)!
1
Z‖
∫ N∏
j=m+1
dj exp[−βV ‖0 (1, . . . , N)]
×
{
1 +
∑
1≤i<j≤m
v1(i, j) + (N −m)
m∑
i=1
v1(i,m+ 1)
+
1
2
(N −m)(N −m− 1)v1(m+ 1,m+ 2) +O(L4)
}
,
(A3)
where the invariance under relabeling of the summation
indices has been employed. The r.h.s. of Eq. (A3) can be
expressed by the m-particle density of the 2D reference
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fluid
ρ‖
(m)(1, . . . ,m;N)
:=
N !
(N −m)!
∫ N∏
j=m+1
d‖j exp[−βV ‖0 (1, . . . , N)]/Z‖,
(A4)
which then yields
N !
(N −m)!
1
Z‖
∫ N∏
j=m+1
dj exp[−βV0(1, . . . , N)]
=ρ
(m)
‖ (1, . . . ,m;N) +
∑
1≤i<j≤m
v1(i, j)ρ
(m)
‖ (1, . . . ,m;N)
+
m∑
i=1
∫
d(m+ 1)v1(i,m+ 1)ρ
(m+1)
‖ (1, . . . ,m+ 1;N)
+
1
2
∫
d(m+ 1)
∫
d(m+ 2)v1(m+ 1,m+ 2)
× ρ(m+2)‖ (1, . . . ,m+ 2;N) +O(L4). (A5)
Here, the variable N of ρ
(m)
‖ (1, . . . ,m;N) shall indicate,
that the support of the m-particle densities is restricted
only to the finite system of area A with finite particle
number N . The partition function Z(L) follows simi-
larly, but does not require the decomposition of Eq. (A2).
Taking
∫
d⊥j =
∫
dzj exp[−βU(zj ;L)]/z⊥(L) = 1 into
account one infers with Eq. (34) and zN⊥ (L) = Z⊥(L):
Z(L)
=Z⊥(L)
∫ N∏
j=1
dj exp[−βV0(1, . . . , N)]
=Z⊥(L)
∫ N∏
j=1
dj exp[−βV ‖0 (1, . . . , N)]
×
ï
1 +
1
2
N !
(N − 2)!v1(1, 2) +O(L
4)
ò
=Z⊥(L)Z‖
ï
1 +
1
2
∫
d1
∫
d2v1(1, 2)ρ
(2)
‖ (1, 2;N) +O(L4)
ò
.
(A6)
Then the normalization factor (Eq. (9)) becomes
N (L) = 1− 1
2
∫
d1
∫
d2v1(1, 2)ρ
(2)
‖ (1, 2;N) +O(L4).
(A7)
Substituting Eqs. (A5) and (A7) into Eq. (8) and renam-
ing the integration variables in Eq. (A7) we arrive at
ρ˜(m)(1, . . . ,m;L)
=

1 + ∑
1≤i<j≤m
v1(i, j)

 ρ(m)‖ (1, . . . ,m;N)
+
m∑
i=1
∫
d(m+ 1)v1(i,m+ 1)ρ
(m+1)
‖ (1, . . . ,m+ 1;N)
+
1
2
∫
d(m+ 1)
∫
d(m+ 2)v1(m+ 1,m+ 2)
×
[
ρ
(m+2)
‖ (1, . . . ,m+ 2;N)
− ρ(m)‖ (1, . . . ,m;N)ρ(2)‖ (m+ 1,m+ 2;N)
]
+O(L4). (A8)
Comparison with Eq. (37) leads to
ρ˜
(m)
0 (1, . . . ,m;N ;L) = ρ
(m)
‖ (1, . . . ,m;N), (A9)
and
ρ˜
(m)
1 (1, . . . ,m;N ;L)
=
∑
1≤i<j≤m
v1(i, j)ρ
(m)
‖ (1, . . . ,m;N)
+
m∑
i=1
∫
d(m+ 1)v1(i,m+ 1)ρ
(m+1)
‖ (1, . . . ,m+ 1;N)
+
1
2
∫
d(m+ 1)
∫
d(m+ 2)v1(m+ 1,m+ 2)
× [ρ(m+2)‖ (1, . . . ,m+ 2;N)
− ρ(m)‖ (1, . . . ,m;N)ρ(2)‖ (m+ 1,m+ 2;N)]. (A10)
The first-order correction for m = 2, Eq. (A10), has the
same structure as the correction obtained for a bulk fluid
perturbed by a pair potential, see Ref. [53]. It has been
pointed out in Ref. [47] that this result is formal, i.e.
valid for the finite system, only. To obtain its TD-limit
we use a relation connecting the m-particle density of
the finite system ρ
(m)
‖ (1, . . . ,m;N) to the corresponding
quantity ρ
(m)
‖ (1, . . . ,m;∞) ≡ ρ(m)‖ (1, . . . ,m) of the infi-
nite system [49]
ρ
(m)
‖ (1, . . . ,m;N)
=ρ
(m)
‖ (1, . . . ,m)−
1
N
Å
n0κT
2β
ã
n20
∂2
∂n20
∣∣∣
T
ρ
(m)
‖ (1, . . . ,m)
+ o(N−1). (A11)
Here, κT =
[
n0∂Σ/∂n0
∣∣∣
T
]−1
refers to the 2D isothermal
compressibility of the reference fluid with surface tension
given by Σ = n0kBT + kBT∂ ln(Z‖)/∂A
∣∣∣
T,N
.
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The second term in Eq. (A11) is of order 1/N , however
it gives rise to an intensive contribution via the double
integral of Eq. (A10). Its generic contribution stems from
such ((m+1)‖, (m+2)‖) with a distance to the fixed po-
sitions (1‖, . . . ,m‖), which is much larger than the corre-
lation length. In this case one can use in Eq. (A11) the
factorization property
ρ
(m+2)
‖ (1, . . . ,m+ 2)→ ρ(m)‖ (1, . . . ,m)ρ(2)‖ (m+ 1,m+ 2),
(A12)
see Ref. [49]. As a final result we obtain
ρ˜
(m)
1 (1, . . . ,m;L)
=
∑
1≤i<j≤m
v1(i, j)ρ
(m)
‖ (1, . . . ,m)
+
m∑
i=1
∫
d(m+ 1)v1(i,m+ 1)ρ
(m+1)
‖ (1, . . . ,m+ 1)
+
1
2
∫
d(m+ 1)
∫
d(m+ 2)v1(m+ 1,m+ 2)
×
î
ρ
(m+2)
‖ (1, . . . ,m+ 2)−ρ(m)‖ (1, . . . ,m)ρ(2)‖ (m+ 1,m+ 2)
ó
−
Å
n20κT
2β
ãÅ
∂
∂n0
∣∣∣
T
ρ
(m)
‖ (1, . . . ,m)
ã ∫
d(m+ 2)
× v1(m+ 1,m+ 2) ∂
∂n0
∣∣∣
T
ρ
(2)
‖ (m+ 1,m+ 2).
(A13)
For the last term we have used that the integrand of the
double integral, Eq. (A11), depends on |(m+2)‖− (m+
1)‖| by translational invariance yielding an intensive term
proportional to A/N = 1/n0.
Appendix B: Calculation of the reduced 1-particle
density ρ˜
(1)
1 (~r1z1;L)
We employ the shorthand notation as introduced in
Appendix A to evaluate Eq. (39) in the case of m = 1
ρ˜
(1)
1 (1;L)
=〈v⊥1 (1, 2)〉⊥
∫
d‖2v
‖
1(1, 2)ρ
(2)
‖ (1, 2)
+
1
2
〈v⊥1 (2, 3)〉⊥
∫
d‖2
∫
d‖3v
‖
1(2, 3)
×
î
ρ
(3)
‖ (1, 2, 3)− ρ(1)‖ (1)ρ(2)‖ (2, 3)
ó
− 〈v⊥1 (2, 3)〉⊥
Å
n20κT
2β
ã∫
d‖3v
‖
1(2, 3)
∂
∂n0
∣∣∣
T
ρ
(2)
‖ (2, 3),
(B1)
where ∂∂n0
∣∣∣
T
ρ
(1)
‖ (1) ≡ 1 has been used, since ρ(1)‖ (1) ≡ n0.
Substituting ∂∂n0
∣∣∣
T
ρ
(2)
‖ (2, 3) from Eq. (40) into Eq. (B1)
yields for the last term of Eq. (B1)
− 〈v⊥1 (2, 3)〉⊥
{∫
d‖3v
‖
1(2, 3)ρ
(2)
‖ (2, 3)
+
1
2
∫
d‖3v
‖
1(2, 3)
∫
d‖4[ρ
(3)
‖ (2, 3, 4)− ρ(2)‖ (2, 3)ρ(1)‖ (4)]
}
.
(B2)
Consequently we obtain after renaming dummy variables:
ρ˜
(1)
1 (1;L)
=[〈v⊥1 (1, 2)〉⊥ − 〈v⊥1 (2, 3)〉⊥]
∫
d‖2v
‖
1(1, 2)ρ
(2)
‖ (1, 2)
+
1
2
〈v⊥1 (2, 3)〉⊥
{∫
d‖2d‖3v
‖
1(2, 3)
×
î
ρ
(3)
‖ (1, 2, 3)− ρ(1)‖ (1)ρ(2)‖ (2, 3)
ó
−
∫
d‖3d‖4v
‖
1(2, 3)
î
ρ
(3)
‖ (2, 3, 4)− ρ(1)‖ (4)ρ(2)‖ (2, 3)
ó}
.
(B3)
By translational invariance, the first term of the curly
bracket in Eq. (B3) does not depend on 1‖ ∼= ~r1 and the
second term is independent of 2‖ ∼= ~r2. After renaming
the label 4 → 1 and employing the permutation invari-
ance of ρ
(3)
‖ (1, 2, 3) one infers
lim
A→∞
[ 1
A
∫
d‖1
∫
d‖2
∫
d‖3v
‖
1(2, 3)
× (ρ(3)‖ (1, 2, 3)− ρ(1)‖ (1)ρ(2)‖ (2, 3))
− 1
A
∫
d‖2
∫
d‖3
∫
d‖4v
‖
1(2, 3)(ρ
(3)
‖ (2, 3, 4)
− ρ(1)‖ (4)ρ(2)‖ (2, 3))
]
= 0. (B4)
Finally, with Eq. (B4) it follows
ρ˜
(1)
1 (1;L) =
[〈v⊥1 (1, 2)〉⊥ − 〈v⊥1 (2, 3)〉⊥]
×
∫
d‖2v
‖
1(1, 2)ρ
(2)
‖ (1, 2), (B5)
which is independent of 1‖ ∼= ~r1.
Appendix C: Canonical averages of the cluster
function of hard spheres
In the case of hard-sphere interaction the first-order
correction ρ˜
(m)
1 contains integrals of the subsequent form
I
(m)
1 (z1, ~r1, . . . , ~rm;L)
=
∫
dzm+1ρ
(1)
⊥ (zm+1)
∫
d2rm+1f(~r1z1, ~rm+1zm+1)
× ρ(m+1)‖ (~r1, . . . , ~rm+1;σL), (C1)
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where ρ
(m)
‖ (~r1, . . . , ~rm;σL) refers to the 2D m-particle
density of hard disks with reduced diameter σL. In-
serting for f(~r1z1, ~rm+1zm+1) the explicit representation
of the cluster-function from Eq. (42) and using ~rm+1 =
~r1 + ~r1,m+1 one obtains
I
(m)
1 (z1, ~r1, . . . , ~rm;L)
=
∫
dzm+1ρ
(1)
⊥ (zm+1)
∫ 2π
0
dϕm+1
∫ ∞
0
dr1,m+1r1,m+1
× [Θ(r21,m+1 + (z1 − zm+1)2 − σ2)−Θ(r21,m+1 − σ2L)]
× ρ(m+1)‖ (~r1, . . . , ~r1 + r1,m+1~e(ϕ1,m+1);σL)
=−
∫
dzm+1ρ
(1)
⊥ (zm+1)
∫ 2π
0
dϕm+1
∫ √σ2−(z1−zm+1)2
σL
dr1,m+1
× r1,m+1ρ(m+1)‖ (~r1, . . . , ~r1 + r1,m+1~e(ϕ1,m+1);σL),
(C2)
where the unit vector ~e(ϕ1,m+1) = ~r1,m+1/r1,m+1 has
been introduced. The r1,m+1-integration interval con-
verges to zero for L→ 0. Therefore one can expand the
integral around its lower bound
I
(m)
1 (z1, ~r1, . . . , ~rm;L)
=− 1
2
∫
dzm+1ρ
(1)
⊥ (zm+1)
[
σ2 − (z1 − zm+1)2 − σ2L
]
×
∫ 2π
0
dϕm+1ρ
(m+1)
‖ (~r1, . . . , ~r1+σL~e(ϕm+1);σL) +O(L4),
(C3)
where ϕ1,m+1 = ϕm+1 without restricting generality.
With σL =
√
σ2 − L2 one finally obtains
I
(m)
1 (z1, ~r1, . . . , ~rm;L)
=π
[
z21 − 2z1〈zm+1〉⊥ + 〈z2m+1〉⊥ − L2
]
× 〈ρ(m+1)‖ (~r1, . . . , ~r1 + σL~e(ϕm+1);σL)〉ϕ
+O(L4), (C4)
where angular averages are indicated by
〈(· · · )〉ϕ =
Å
1
2π
ã∫ 2π
0
dϕ(· · · ). (C5)
The square bracket in Eq. (C4) corresponds to the first
three terms occurring in Eq. (45), which arises from
〈v⊥1 (z1, z2)〉⊥ except for the term L2 which stems from
the diameter σL of the reference fluid.
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